Depending on the growth condition, bacterial colonies can exhibit different morphologies. Many previous studies have used reaction diffusion equations to reproduce spatial patterns. They have revealed that nonlinear reaction term can produce diverse patterns as well as nonlinear diffusion coefficient. Typical reaction term consists of nutrient consumption, bacterial reproduction, and sporulation. Among them, the functional form of sporulation rate has not been biologically investigated. Here we report experimentally measured sporulation rate. Then, based on the result, a reaction diffusion model is proposed. One-dimensional simulation showed the existence of traveling wave solution. We study the wave form as a function of the initial nutrient concentration and find two distinct types of solution. Moreover, transition between them is very sharp, which is analogous to phase transition. The velocity of traveling wave also shows sharp transition in nonlinear diffusion model, which is consistent with the previous experimental result. The phenomenon can be explained by separatrix in reaction term dynamics. Results of two-dimensional simulation are also shown and discussed.
I. INTRODUCTION
Cooperative self-organization of bacterial colonies has been intensively studied both experimentally and theoretically [1] [2] [3] [4] [5] [6] [7] [8] . The series of these studies should be considered as a part of the large stream where we pursue the universal comprehension of pattern formation. One of the most impressive and illustrating way of study is to perform numerical calculation of nonlinear partial differential equations in multiple-dimensional space to show various beautiful patterns [9] [10] [11] [12] [13] [14] . However, they are so complicated and it is very difficult to understand why a certain pattern is achieved only for appropriate parameters. Another effective way is to study a simple element extracted from the complicated system. In this study we focus on traveling wave solution (TWS) which is a very simple pattern formation in which a fix-shaped wave propagates at a constant velocity. TWS often exists even in the nonlinear reaction diffusion model which produces complicated pattern under appropriate condition. TWS is clearly one of the most important element of pattern formation and some analytical works have already been done on the study of bacterial colony pattern formation [15, 16] .
Cohen et al. reported that colony expanding velocity increased as the initial nutrient concentration increased in their experiment [3] . Moreover, they reported the sharp change in the functional form of velocity as a function of nutrient level. The function was discontinuous at the point where twodimensional pattern changed. Although the observed twodimensional colony growth was not simple traveling wave, this study implies that the discontinuous change of TWS might be the source of the pattern formation. If a traveling wave propagates at a constant velocity everywhere, the result should be simple disklike (two-dimensional) or spherelike (three-dimensional) pattern. Experimentally observed diverse spatial patterns imply that the propagating velocity or the form of interface varies depending on the local properties, e.g., curvature or nutrient concentration. If the system has two distinct TWSs both of which are quasistable but not globally stable, the spatial pattern in which the two TWSs are mixed might evolve. Discontinuous change of TWS is one of the keys which describes the formation of spatial patterns.
It is experimentally known that some bacterial strains belonging to the genus Bacillus or Paenibacillus produce very complicated and clear patterns, i.e., branching. One characteristic of the genus is the ability to sporulate. Spores are inactive and dormant state of cells, which can survive starvation or dry environment. Bacteria species with sporulation ability produce the complex patterns of spore distribution. Previous theoretical studies revealed that colony pattern is best understood when we consider the pattern as the history of active bacteria density. Spores are the history of bacteria activity and sporulation is an important process in which active bacteria density is recorded in the history. Many models of bacterial colony pattern formation assume sporulation, however, there are few experimental studies that measured the sporulation rate.
Mimura et al. suggested a model with linear diffusion and nonlinear reaction terms [14] . The model has the ability to reproduce four out of five observed patterns of bacterial colony. Mathematically, the ability comes from the separatrix in reaction term dynamics (a dynamical system where diffusion terms are neglected). As Mimura et al. describe in their paper, the model is constructed so that reaction term dynamics is an excitable system. When the global behavior of the trajectory discontinuously changes depending on the initial point (i.e., separatrix), this may produce very strong nonlinear effect. Biologically, however, separatrix in Mimura model is not very realistic. It assumes that sporulation rate is a decreasing function of nutrient and bacteria density. As sporulation is considered as adaptation to environmental deterioration, the rate is biologically expected to be high when nutrient density per bacterium is low, if it depends on bacteria density. Anyway, without the experimental data of sporulation rate, it is impossible to build a biologically reasonable model.
In this study, we first present the experimentally measured sporulation rate of bacteria as a function of the initial nutri-ent. Due to the experimental difficulty, the quantitative relationship between sporulation rate and reproduction rate is unclear. The relationship can be qualitatively classified into three cases. Based on the experimental result, we propose three types of models. One of them has separatrix in its reaction term dynamics while the others do not. We perform one-dimensional computer simulations to study the existence of TWS and the dependence of the wave form and velocity on the initial nutrient concentration. Linear diffusion and nonlinear degenerate diffusion are studied. Results of twodimensional simulation are also shown.
II. EXPERIMENTS AND RESULTS
In order to study sporulation rate, Bacillus bacteria were incubated in the liquid culture medium and the number of total cells and the ratio of spores were measured (Appendix A). Total density of both active (vegetative) cells and spores increased exponentially in the first 5 h (data not shown). This result is consistent with the previous work that the cell division of active bacteria is assumed to be a first-order reaction; db / dt = kb. Reaction rate coefficient k is estimated from the data of exponential growth stage. The dependence of k on the initial nutrient concentration N, well fits a wellknown Michaelis-Menten-type function
where constant parameters are estimated as k max = 0.6 h −1 and
We investigated the relationship between sporulation and the nutrient concentration. As sporulation is an adaptation to bad environmental conditions such as nutrient starvation or drying, sporulation rate has been considered as a decreasing function of nutrient concentration [14] . However, as shown in Fig. 1 , few spores are formed under nutrient-free condition even after 48 h incubation. Thus we suppose that bacteria require some nutrient in order to sporulate. Biological knowledge of sporulation process supports the hypothesis [17] . In sporulation, DNA in a bacterial cell is replicated as in regular cell division. Inside the parent cell, one of them is coated with four-layered hard protein. The coated DNA is called a "forespore." After a forespore matures, the parent cell releases the forespore, which is called an "endospore" and can survive long periods of time in the bad environment. In short, as bacteria cannot replicate their DNA under nutrient-free condition, they cannot sporulate.
The ratio of spores to total cells was observed under the various initial nutrient concentration (Fig. 2) . Predictably, few spores are formed at high nutrient level. The number of spores is highest when N = 3.0 g / L. Although the ratio of spores is not equal to sporulation rate, the result strongly suggests that sporulation rate as a function of nutrient concentration has a single peak at a certain nutrient level.
Spores are observed about 23 h after the inoculation. By this duration sporulation rate is estimated to be much smaller than reproduction rate whose increasing time constant (doubling time) is estimated 1.0-1.5 h from the analysis of the growth curve in early stage. However, as long as the pattern dynamics of bacterial colony is concerned, spores are defined as inactive cells which cannot reproduce. As we could distinguish only endospores, it is presumable that time when vegetative cells transform into forespores is much earlier than the time of our observation [17] . So we measured the concentration of ␣-amylase in liquid culture, which is extracted by bacteria only when they sporulate into a forespore [18] . The drastic increase of ␣-amylase concentration (data not shown) suggests that formation of forespores occurs about 6 -8 h after inoculation. The result implies that sporulation rate might be as large as reproduction rate for a certain interval of nutrient concentration. The result also implies that sporulation and germination process's take a long time and that no spore returned to the vegetative phase in our experiment. However, to evaluate the quantitative relationship between reproduction rate and sporulation rate, further experimental analysis is necessary.
III. MODELS AND RESULTS

A. Reaction term dynamics
First, we consider a model without spatial structure, 
where b , n, and s represent the density of active bacteria (vegetative cells), nutrient concentration, and the density of spores, respectively. ␣͑n͒, ␤͑n͒, and ␥ correspond to reproduction rate, sporulation rate, and death rate, respectively. For simplicity, we assume that these rates do no depend on bacteria density. As for reproduction rate, Michaelis-Mententype equation,
is known to be appropriate for various bacteria species. The natural death of the bacteria is not commonly observed. However, as spores are the special dormant state of bacteria, it is reasonable to assume that active bacteria cannot survive starvation. For simplicity, we assume the constant death rate of active bacteria, ␥ which is set to very low values compared to sporulation rate. The unit of bacteria concentration is rescaled so that nutrient conversion factor is 1. Our experiment suggests that sporulation rate is zero at n =0,ϱ and takes the maximum value at a certain nutrient concentration. Due to experimental difficulty, the quantitative relationship between sporulation rate and reproduction rate is unclear. Therefore, a large degree of freedom exists to determine the actual form of ␤͑n͒. Qualitatively, there are three possible relationships ͑Fig. 3͒: ͑a͒ sporulation is always slower than reproduction, ͑b͒ sporulation is faster than reproduction only when nutrient is poor, and ͑c͒ sporulation is faster than reproduction only for a certain interval of nutrient concentration. In order to investigate the global behavior of these three models, we perform phase plane analysis. Vector field on ͑b , n͒ space is qualitatively determined, regardless of actual function form (Fig. 4) . In models 1 and 2, it is obvious that the infinitesimal perturbation of the initial state only affects the terminal state infinitesimally. On the other hand, numerical calculation suggests that separatrix exists in model 3. When the initial nutrient concentration is lower than a critical value, all bacteria sporulate or die before nutrient is exhausted. When the initial nutrient concentration is higher than the critical value, almost all nutrient is consumed before active bacteria disappear. We present the mathematical proof of the existence of the critical value in Appendix B.
We focus on the separatrix of model 3. It is natural to question whether the separatrix still exists when spatial diffusion is introduced. Furthermore, such a model may reproduce the observed sharp change of traveling wave velocity. The two-dimensional spatial pattern is also of great interest. These motivated us to construct a model with spatial structure based on model 3.
B. Linear diffusion model
First, we introduce linear diffusion
where D represents diffusion coefficient of active bacteria. Some experimental knowledge is neglected for simplicity, such as nutrient chemotaxis or the dependence of bacterial activity on local nutrient concentration. Due to the simplification, D is constant and the model becomes easy to deal with. Under appropriate rescaling of time and space, diffusion coefficient of nutrient can be chosen as one without loss of generality. The density of spores s is dependent variable and is not analyzed here. We assume the sporulation rate to be a normal function:
For the sake of simple notification, death rate is included in ␤͑n͒. Constant parameters ͑c ␣ , c ␤ , n ␤ , ␥͒ are chosen so that a In all numerical calculations, we put ͑c ␣ , c ␤ , n ␤ , ␥͒ = ͑0.3, 0.1, 0.3, 0.01͒.Crank-Nicholson scheme is applied to calculate diffusion term with zero flux boundary condition. Initially, nutrient is uniformly distributed at a level N and the small amount of active bacteria are put at the origin while no spore is present.
As a result of numerical simulation of the model in onedimensional space, traveling wave is formed for most initial conditions. However, we found interesting behavior for a certain small parameter region (Fig. 5) . When N is smaller than the critical value N ‫ء‬ , a bacterial wave has a single peak [ Fig. 5(a) ]. When N is larger than N ‫ء‬ , a new wave appears behind the original wave [ Fig. 5(b) ]. A wave in the back propagates initially slower, but when the distance between two waves reaches a certain value, a wave in the back begins to propagate at the same velocity as the fore wave. In other words, a wave becomes twofold [ Fig. 5(c)] . Moreover, at the same critical value N ‫ء‬ , nutrient concentration left behind the wave sharply changes (from 0.24 to 0.0026). This critical initial value N ‫ء‬ is estimated as 0.485Ͻ N ‫ء‬ Ͻ 0.49. The result suggests that according to the initial condition this system have two phases, a singlefold traveling wave leaving some amount of nutrient behind and a twofold traveling wave leaving little nutrient behind. We conclude that the separatrix in reaction term dynamics is maintained against introduction of linear diffusion.
Surprisingly, however, propagating velocity does not show sharp change (Fig. 6) . To guess the velocity analytically, we derive the linear spreading velocity of b in the linearized equation about the unstable state ͑b , n͒ = ͑0,N͒ [19] , 
͑5͒
when the initial condition has a compact support. The numerical calculation shows that the velocity of TWS in the nonlinear model ͓Eq. ͑2͔͒ is equal to the linear spreading velocity ͑Fig. 6͒. This means that the wave has a "pulled front" in the sense that the global nonlinear dynamics of the traveling wave is governed by the dynamics around the leading edge where the linearized system is a good approximation ͓19͔. This might be the reason why the velocity is a continuous function of the initial nutrient concentration despite the existence of the separatrix in reaction term dynamics. 
C. Nonlinear diffusion model
Nonlinear diffusion coefficient has been first applied to bacterial colony pattern problem by Kawasaki et al. [10] . Biologically, such diffusion is considered as a result of cooperative cell motion. There are several evidences of cellcell signal exchange and it is natural to consider that bacterial diffusion is not simple linear diffusion of bacteria. Mathematically, the following Fisher-Kolmogoroff equation with nonlinear diffusion is well studied:
When D͑u͒ = u, a complete analysis has been carried out ͓20-22͔ while more general problems are also intensively studied ͓15,23-25͔. When u = 0, the diffusion term vanishes and the equation degenerates into an ordinary differential equation. So this type of equation is often referred to as nonlinear degenerate parabolic equation. In relation to singularity of u = 0, a characteristic solution is known in this system. The TWS u͑x , t͒ = U͑x − ct͒ = U͑z͒ satisfying
is called as the TWS of sharp type. In this solution, u =0 in front of the wave front ͑z ജ z ‫ء‬ ͒ while u Ͼ 0 behind the front ͑z Ͻ z ‫ء‬ ͒. In the linear diffusion equation, on the other hand, u only approaches zero as z → ϱ. The TWS of sharp type is known to exist in models with various reaction terms and nonlinear degenerate diffusion term.
We focus on the property of the sharp wave front. The preceding discussion of linear conjecture of wave velocity does not hold in such TWS. Therefore, the wave velocity as a function of the initial nutrient concentration may change sharply as the wave form does. In order to keep the model as simple as possible, we introduce nonlinear diffusion coefficient of bacteria, which is a function of only bacteria density. We will study the following equations:
and perform numerical calculation of the model in onedimensional space. We will use the same ␣͑n͒ and ␤͑n͒ [Eq.
As a result of computer simulation, traveling wave is always formed (Fig. 7) . The separatrix of the wave form remains. Nutrient concentration left behind the wave front sharply changes at the critical value N 1 ‫ء‬ Ӎ 0.64. However, a wave form remains single wave until N exceeds another critical value N 2 ‫ء‬ Ӎ 0.93. Above the critical value, a wave form becomes twofold. As is discussed, we are interested in the asymptotic behavior of the wave front. Global wave form and the detail of the wave front of typical twofold waves in linear and nonlinear diffusion models are shown in Fig. 8 . The wave front of the linear diffusion model is smooth while that of the nonlinear diffusion model is sharp, convex, and intersects b = 0 line. It is confirmed that all TWSs in the linear diffusion model are of smooth type and that all TWSs in the nonlinear diffusion model are of sharp type. As is expected from these facts, wave velocity showed sharp change at both initial conditions where wave form sharply changes [ Fig. 9(a) ]. Notice the remarkable similarity between this and the experimental result of the colony growth velocity of Paenibacillus dendritiformis bacteria [ Fig. 9(b) ], although in the experiment the growth velocity of complicated two-dimensional pattern was measured. Another interesting point is that two types of phase transition, which occur at the same time in the linear diffusion model, occur independently. At the present state, however, we have no analytical explanation why two different critical values appear.
D. Two-dimensional simulation
In order to study the effect of the phase transition of wave form and velocity in a two-dimensional version of the model, we performed numerical calculation. Preliminary simulation showed that the linear diffusion model [Eqs. (2) and (3)] does not show any structured pattern other than simple disklike pattern. So we focus on the nonlinear diffusion model [Eqs. (3) and (7)]. The density of spores s is calculated as
Owing to limited computer time, calculation was done in the positive quadrant divided into 2000ϫ 2000 square lattices. The response of the pattern to the initial nutrient concentration N is studied (Fig. 10) . As a result, four typical patterns are obtained; namely, fine branching, ring, branching, and dense finger. When N is very low, fine branching pattern is observed. This pattern is also similar to dense-branching morphology (DBM) pattern. In experiments, both fine branching and DBM are observed when the initial nutrient is low, which is consistent with the present numerical result [3, 26] .
When N exceeds the first critical value N 1 ‫ء‬ Ӎ 0.66, the whole pattern changes very sharply. Nutrient concentration left behind changes from 0.35 to 0.002 and the pattern itself also changes to ring pattern. The corresponding transition in one-dimensional simulation has been already described in the preceding section. The result means that the separatrix originating from the reaction term still remains in twodimensional model with nonlinear diffusion. In the ring pattern, no spore is left behind the bacterial front. There is no experimental observation which supports this. However, the phase transition of two-dimensional pattern is mathematically interesting.
When N exceeds the second critical value N 2 ‫ء‬ Ӎ 0.78, the pattern changes into branching pattern. This change is also very sharp, suggesting that it is another separatrix. It seems that there are two independent traveling waves of bacteria.
Only forward wave produces branching pattern and back wave, propagating at slower speed, contributes little to the global pattern.
When N exceeds the third critical value N 3 ‫ء‬ Ӎ 0.89, the two bacterial waves are combined to form the twofold wave, while the global pattern does not change very much. Enlarged pattern is shown in Fig. 11 . Singlefold and twofold waves are mixed along the front line. Twofold wave in bacterial pattern corresponds to the tip of the growing branch in spore pattern. Twofold wave consists of a fore wave corresponding to the first positive region of net bacterial reproduction rate where nutrient is high ͑n Ͼ n 3 ͒ and a back wave corresponding to the second region where nutrient is low ͑n 1 Ͻ n Ͻ n 2 ͒ [Fig. 4(b) ]. Spores are produced in the region n 2 Ͻ n Ͻ n 3 while bacteria simply die out in the region n Ͻ n 1 . Therefore, most spores are left behind the fore wave, which only the twofold wave has.
When N is increased further, the pattern gradually changes into dense fingering. In experiments, dense fingering pattern is observed when the initial nutrient is high, too. In our model, the change is caused by increase in twofold wave region in the front line.
There is no unique method to measure the growth velocity of such complex patterns. When we roughly estimate the velocity as a function of the initial nutrient, it is similar to the result of one-dimensional model. The velocity is very slow when N Ͻ N 1 ‫ء‬ , almost the same when N 1 Ͻ N Ͻ N 2 ‫ء‬ , and then increases rapidly when N Ͼ N 3 ‫ء‬ . Generally, in branching pattern formation, active spot exists only at the tip of growing branch. The possible mechanism for such spatiotemporal pattern formation is as follows. First, simple disklike pattern (radial traveling wave solution) becomes unstable due to some nonlinearity in the model. Such interface instability has been well studied, e.g., Mullins-Sekerka dispersion relation in crystal growth theory. In the particular field of bacterial colony growth, the interface instability of a simple nonlinear model is intensively studied [16, 27] . Dispersion relation, however, only provides the most unstable wave number and its stability. In order to form clear pattern, active spot should be independent distinct aggregate. It has been unclear why wave front evolves to active and inactive parts which are so clearly distinguishable.
Based on the existence of separatrix, we here propose a hypothesis why clear patterns are observed in our model. From our calculation on the one-dimensional space, it is naturally expected that the model potentially has two types of stable states, i.e., a singlefold TWS and a twofold TWS. The initial condition determines which is realized. Transition between these states is discontinuous, i.e., separatrix. When the model is extended to the two-dimensional version, global TWS may become unstable under some condition. In such case, spatial heterogeneity may evolve into the mixture of singlefold and twofold waves, both of which are locally stable in so small region that the system is approximately equal to the one-dimensional model in radial direction. The length of the region along the front line might be determined by dispersion relation analysis. Separatrix originating from the reaction term produces two distinct areas in the wave front, which moves outward to draw clear branching pattern.
IV. CONCLUSION
We performed an experiment to determine the sporulation rate as a function of the nutrient concentration. Based on the result, a reaction diffusion model of bacterial colony growth is proposed. Especially, we focus on separatrix in reaction term dynamics. We study the effect of separatrix on traveling wave solution to find a different behavior; transition between a singlefold and a twofold wave. The phase transition of the velocity of the traveling wave shows great similarity with the previous experiment. Results of a two-dimensional simulation of our model are generally consistent with the observed patterns.
In our model with N Ͼ N 2 ‫ء‬ , the spatial pattern of spores shows clear branching while that of bacteria does not. This seems inconsistent with the observed patterns, which should be studied in future. The effect of the diffusion coefficient of nutrient, the elimination of the effect of square lattice in numerical calculation, and the mathematical proof or the explanation of separatrix in reaction diffusion equation are also open problems.
As we mentioned at the beginning of the paper, the study of bacterial colony growth is not only a special biological topic but also it must be an attempt to explore universal law of pattern formation. Good theoretical study suggests new biological experiments while a new biological result inspires new models. Although bacteria are one of the simplest form of life, they produce so complex patterns. We hope the present study contribute to our comprehension of selforganized pattern formation.
APPENDIX A: EXPERIMENTAL METHOD
There are some Bacillus species each of which produces the original colony patterns. We used Bacillus circulans (B. circulans) as a spore forming species, but the qualitative features of sporulation learned in one species can be applied to another. B. circulans was incubated in the liquid culture medium which was prepared by the following methods [28] . 10 g / L sodium chloride and nutrients with various concentration were dissolved in distilled water. We used Bacto Tryptone Peptone (TP) and Bacto Yeast Extract (YE) as nutrients, which contain vitamin, amino acid, minerals, and carbon sources. They were purchased from Difco, Detroit, M1, USA. The weight ratio was kept TP/ YE= 2 and the initial total concentration N was varied from 0 g / L to 15 g / L. This solution was autoclaved for 15 min at 120°C and 2 atm and then cooled down to room temperature. Bacteria, which had been stored at −20°C to prevent them from mutation, were preincubated in this liquid culture with N = 15 g / L. After 15-18 h preincubation, bacteria density became about 10 8 −10 9 number/mL while no spore was formed. The bacteria density was adjusted to about 10 7 number/mL and then constant quantity of the solution was incubated in a plastic tube filled with fresh liquid culture. The tube was let in the bath incubator whose temperature was controlled at 37°C and shaken during incubation. We adopted batch-type incubation, in which fresh nutrient was not fed during incubation.
We took 5 L of test portion from each liquid culture after 30 h incubation. The total bacteria number in each test portion was counted by using Thoma blood cell counter and an optical microscope ͑ϫ400͒ and then the bacteria density was calculated. The ratio of spores to total cells was analyzed by the following method. Bacteria in every test portion were stained by Möller's spore staining method for the easy optical microscopic observation. Optical micrographs ͑ϫ1000͒ of every sample were taken by a digital camera. In the micrographs, spores and vegetative cells are easily distinguishable. The ratio of spores were calculated by imaging software.
APPENDIX B: EXISTENCE OF SEPARATRIX
We consider a dynamical system
defined in the positive quadrant R + 2 = ͕͑b , n͒ : b ജ 0,n ജ 0͖. We assume ␣͑0͒ = 0 which guarantees any orbit remains in R + 2 . The set of equilibrium points of Eq. (B1) is n axis ͑b =0͒. We assume continuous functions ␣͑n͒ and ␤͑n͒ satisfy
and thus n is monotonically decreasing function of t. Therefore, chaos or limit cycle never occurs. Apparently, n cannot diverge so we focus on whether b diverges or not. As long as b Ͼ 0, n decreases. When n =0, db / dt Ͻ −␤ 1 b holds, which means b converges to zero. Therefore, all orbits converge to the equilibrium points on n axis. Eigenvalues of linear analysis around an equilibrium point ͑0,n͒ on n axis are 
ͪ,
respectively. The zero eigenvalue means that the equilibrium points are neutrally stable against perturbation in a n axis direction, which is trivial because whole n axis is equilibrium. The sign of S determines whether an equilibrium is a repeller or an attractor.
Here we assume the qualitative relationship between ␣͑n͒ and ␤͑n͒ is the same as in model 3 in text. According to the stability, n axis is divided into four subsets; stable line segment S 1 ͑0 Ͻ n Ͻ n 1 ͒, unstable line segment U 1 ͑n 1 Ͻ n Ͻ n 2 ͒, stable line segment S 2 ͑n 2 Ͻ n Ͻ n 3 ͒, and unstable half line U 2 ͑n 3 Ͻ n͒ [ Fig. 4(b) ]. As n is monotonically decreasing, any orbit starting from U 1 must enter S 1 . Let f͑p͒ as a terminal point of an orbit starting from a point p. According to f͑p͒, U 2 consists of the following two subsets: U 21 ϵ ͕p U 2 :f͑p͒ S 1 ͖, ͑B6͒
U 22 ϵ ͕p U 2 :f͑p͒ S 2 ͖. ͑B7͒
As we proved, any orbit converges to the equilibrium and
hold. Hereafter, we prove the following theorem.
Theorem 1. (existence of separatrix).
There exists unique N ‫ء‬ Ͼ n 3 such that U 21 ʖ ͕͑0,n͒ U 2 :n Ͼ N ‫ء‬ ͖, U 22 ʖ ͕͑0,n͒ U 2 :n 3 Ͻ n Ͻ N ‫ء‬ ͖.
Proof. It is geometrically apparent that both U 21 and U 22 are connected because phase plane is two dimensional and any two orbits never intersect each other. Apparently, U 21 must be above U 22 on n axis; otherwise there should be intersecting orbits. The theorem is proved if U 21 and U 22 are proved.
Inclination of an orbit db dn = ␣͑n͒ − ␤͑n͒ ␣͑n͒ is bounded for n Ͼ n 2 because ␣ and ␤ are bounded and because ␣ Ͼ 0 for n Ͼ n 2 . Thus, b can change infinitesimally with infinitesimal change of n. Moreover, db / dn 0 for n n 3 . This means that ͉f͑p͒ − p 3 ͉ Ͻ O͑⑀͒ if ͉p − p 3 ͉ Ͻ ⑀, where p 3 ϵ͑0,n 3 ͒. In other words, an orbit starting from a point infinitesimally above p 3 must enter a point infinitesimally below p 3 , which is an element of S 2 . Thus, U 22 . When p → ͑0,ϱ͒, the orbit starting from p intersects n = n 3 line at ͑ϱ , n 3 ͒ as db / dn Ͼ 0 for n Ͼ n 3 . However, decrease in b is finite in finite interval ͓n 2 , n 3 ͔ as inclination of the orbit is finite. Thus, the orbit starting from a point with very large n must enter S 1 , which means U 21 .ᮀ
